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We investigate resonant tunneling through molecular states of coupled double quantum dots em-
bedded in an Aharonov-Bohm (AB) interferometer. The conductance through the system consists
of two resonances associated with the bonding and the antibonding quantum states. We predict
that the two resonances are composed of a Breit-Wigner resonance and a Fano resonance, those
widths and Fano factor depending on the AB phase very sensitively. Further, we point out that
the bonding properties, such as the covalent and the ionic bonding, can be identified by the AB
oscillations.
PACS numbers: 73.23.-b 03.65.-w 73.63.Kv
While single quantum dots are regarded as artificial
atoms due to their quantization of energies [1,2], two (or
more) quantum dots can be coupled to form an artificial
molecule [3]. Resonant tunneling through series quantum
dots provides some informations on the coupling between
dots [4], but the phase coherence of the bonding cannot
be directly addressed in this geometry. Aharonov-Bohm
(AB) interferometers containing a quantum dot enables
investigating the phase coherence of resonant tunneling
through a quantum dot [5–7]. The phase coherence of
the Kondo-assisted transmission has been also studied
in this geometry [8–14]. Recently, an AB interferometer
setup containing two coupled quantum dots has been re-
alized [15]. This can be considered as the beginning point
of the study for experimentally unexplored region where
various aspects of double dot molecule can be investi-
gated with probing the phase coherence. There are some
previous theoretical works for the AB interferometer con-
taining two quantum dots. Resonant tunneling [16], co-
tunneling [17], Kondo effect [18], and magnetic polariza-
tion current [19] have been the subjects of the study for
the system without direct coupling between dots. Two-
electron entanglement in the presence of direct tunneling
between dots has been also studied [20] in the context of
quantum communication.
In this Letter, we study phase-sensitive molecular res-
onances through double quantum dots embedded in an
Aharonov-Bohm interferometer. The geometry we con-
sider is schematically drawn in Fig. 1, and is basically
equivalent to the experimental setup of Ref. [15]. We
find that the conductance through the system consists
of two molecular resonances associated with the bonding
and the antibonding quantum states. By careful analy-
sis on the conductance as a function of energy, we argue
that the two resonances are always composed of a Breit-
Wigner resonance and a Fano resonance, those widths
and Fano factor depending on the AB phase very sensi-
tively. Further, we propose that the bonding properties,
such as the covalent and the ionic bonding, can be char-
acterized by the AB oscillations.
Our model is described by the following Hamiltonian:
H = HM +H0 +HT , (1a)
where HM , H0, and HT stand for the artificial molecules
of double quantum dots, two electrical leads, and tunnel-
ing between the leads and the quantum dots, respectively.
For the molecule, we consider coupled non-interacting
quantum dots of energies ε1, ε2 with tunneling matrix
element t between two dots,
HM = ε1d
†
1
d1 + ε2d
†
2
d2 − t(d†1d2 + d†2d1) , (1b)
where di (d
†
i ) with i = 1, 2 annihilates (creates) an elec-
tron in the i-th dot. The bonding properties depend on
the ratio of the energy difference of the quantum dot lev-
els (∆ε ≡ ε1 − ε2) and the tunnel splitting (2t). The
molecular bonding can be called ‘covalent’ for |∆ε| ≪ 2t
where the eigenstates of the electrons are delocalized. On
the other hand, the molecule is considered to be in the
‘ionic’ bonding limit for |∆ε| ≫ 2t where the eigenstates
are localized in one of the two dots [3]. H0 describes the
two (left and right) electrical leads modeled by the Fermi
sea as,
H0 =
∑
k∈L
ELk a
†
kak +
∑
k∈R
ERk b
†
kbk , (1c)
where ak (a
†
k) and bk (b
†
k) annihilates (creates) an elec-
tron in the left and one in the right leads, respec-
tively. These two leads are assumed to be identical,
Ek ≡ ELk = ERk . Finally, tunneling between the leads
and the molecule is described by
HT = −
∑
k,i=1,2
(V iLd
†
iak +H. c.)−
∑
k,i=1,2
(V iRd
†
i bk +H. c.) .
(1d)
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For simplicity, we assume that the magnitudes of tun-
neling matrix elements for the four different arms are
same, denoted by V . Then the matrix elements can be
written as V 1L = V
2
R = V e
iϕ/4, V 2L = V
1
R = V e
−iϕ/4.
The phase factor ϕ comes from the AB flux, and is de-
fined by ϕ = 2piΦ/Φ0 where Φ and Φ0 are the external
flux through the interferometer and the flux quantum
(= hc/e), respectively. The hopping strength between a
quantum dot and a lead is denoted by Γ, defined as
Γ = 2piρ(EF )V
2 , (2)
where ρ(EF ) stands for the density of states of each leads
at the Fermi level, EF .
The Hamiltonian is transformed by using symmetric
and antisymmetric modes of the leads and the quantum
dots. Later it will become obvious that this approach
provides better insights into the problem. Let us consider
the transformations of electron operators
αk = (ak + bk)/
√
2, βk = (ak − bk)/
√
2, (3a)
dα = (d1 + d2)/
√
2, dβ = i(d1 − d2)/
√
2. (3b)
Note that, for ε1 = ε2, dα and dβ correspond to the
annihilation operator of the bonding and the antibonding
modes. By adopting this transformation we can rewrite
the Hamiltonian as follows:
H = Hα +Hβ +Hαβ , (4a)
whereHα, Hβ take the simple form of the Fano-Anderson
Hamiltonian [21] (γ = α, β)
Hγ = ε˜γd
†
γdγ +
∑
k
Ekγ
†
kγk + Vγ
∑
k
(d†γγk + γ
†
kdγ) ,
(4b)
where the energy eigenvalues of the two ‘quantum dot’
modes are given by ε˜α = ε0 − t, ε˜β = ε0 + t where
ε0 = (ε1 + ε2)/2. The hybridization matrix elements
depend on the AB phase as Vα = −2V cos (ϕ/4) and
Vβ = −2V sin (ϕ/4). The coupling between two modes is
given by
Hαβ = −t¯d†αdβ − t¯∗d†βdα , (4c)
with the ‘tunneling’ matrix element being proportional to
the difference of the energy levels of two quantum dots,
t¯ = i(∆ε)/2. It is important to note that the coupling
term given in Eq.(4c) vanishes for ε1 = ε2. In other
words, for the same single particle energies of the two
dots, the original Hamiltonian is mapped onto the prob-
lem of two independent Fano-Anderson Hamiltonian.
In the representation of the transformed Hamiltonian
(Eq.(4)) the dimensionless conductance can be written
as [22]
G = 1
4
|ΓαGα(EF )− ΓβGβ(EF )|2 + ΓαΓβ |Gαβ(EF )|2 ,
(5)
where Γα, Γβ stand for the hopping strengths between
the discrete level and the continuum of each modes given
by Γα = 2Γ cos
2 (ϕ/4), Γβ = 2Γ sin
2 (ϕ/4), respectively.
Gα(EF ) (Gβ(EF )) andGαβ(EF ) denote the diagonal and
the off-diagonal components of the 2×2 Green’s function
matrix. After some algebra for the Green’s function we
can obtain a very compact form of the conductance
G = (eβ − eα)
2 + 4∆
|(−eα + i)(−eβ + i)−∆|2 , (6a)
where
eα,β ≡ 2
Γα,β
(ε˜α,β − EF ) , (6b)
∆ ≡ 4|t¯|
2
ΓαΓβ
=
(∆ε)2
ΓαΓβ
. (6c)
Note that Eq.(6) becomes equivalent to the one obtained
in [16] in the absence of direct coupling between two
quantum dots (t = 0).
First we discuss the covalent bonding limit, ε1 = ε2.
This limit is very instructive to give insights into the
problem, since the coupling term in the Hamiltonian (4)
vanishes. Therefore, Hαβ = 0, and it is clear that the
transport is associated with two resonances of widths Γα
and Γβ . In this limit the conductance reduces to
G = (eβ − eα)
2
(e2α + 1)(e
2
β + 1)
. (7)
In the following we argue that the conductance consists
of the convolution of a Breit-Wigner resonance and a
Fano resonance of the two molecular (the bonding and
the antibonding) states for ε1 = ε2. Since the hopping
parameters Γα, Γβ are sensitive to the AB phase, one
can manipulate the resonance widths via AB flux. Let us
consider the limit Γα ≫ Γβ . For the energy scale larger
than Γβ (|eβ| ≫ 1), the conductance of Eq.(7) follows
the Breit-Wigner form of its width Γα:
G ≃ GBW = 1
e2α + 1
. (8)
On the other hand, one can find that the conductance
shows the Fano-resonance behavior near the antibonding
state (|eβ | <∼ 1),
G ≃ GFano = Gb (eβ + q)
2
e2β + 1
, (9)
where the Fano factor q and the background conductance
Gb are given by q = 4t/Γα and Gb = 1/(q2 + 1), respec-
tively. From this analysis we find that the conductance is
2
composed of a Breit-Wigner resonance around the bond-
ing state (ε˜α) with its resonance width Γα and a Fano
resonance around the antibonding state (ε˜β) of width
Γβ , if Γα ≫ Γβ . Further information is obtained from
the Fano factor q. For t = 0 the conductance shows an
antiresonance behavior (q = 0), while it becomes more
Breit-Wigner-like (large q) as the inter-dot coupling in-
creases. For the other limit Γα ≪ Γβ , the same analy-
sis is applied with the role of the bonding and the anti-
bonding states interchanged and the Fano factor given by
q = −4t/Γβ. That is, for Γα ≪ Γβ, the conductance con-
sists of the Breit-Wigner resonance for the antibonding
state and the Fano resonance near the bonding state.
Fig. 2 shows the conductance as a function of the
Fermi energy. The curve demonstrates the features de-
scribed above, which follows the Breit-Wigner and the
Fano asymptotes for the larger and for the smaller width
of the resonances, respectively. For ϕ = 0.3pi used in
Fig. 2, Γα ≫ Γβ , therefore, the conductance shows Breit-
Wigner behavior for the bonding state (EF ≃ ε˜α), and
Fano resonance around the antibonding state (EF ≃ ε˜β).
One can also verify that the Fano factor (q) increases as
the bonding becomes stronger. The resonance around
the antibonding state evolves from the anti-resonance for
weak bonding (small q) to the Breit-Wigner like reso-
nance behavior for strong bonding (large q).
Next, we investigate the more general case where ε1 6=
ε2. The same kind of analysis about the resonances can
be applied here, with the Fano resonance modified. We
discuss the limit Γα ≫ Γβ , without loosing generality.
For the energy scale larger than Γβ , the conductance
takes the Breit-Wigner form of Eq.(8) as in the ε1 = ε2
case. However, the conductance near the narrower reso-
nance (|eβ | <∼ 1) is modified as
G ≃ G′Fano = Gb
|e′β +Q|2
e′2β + 1
, (10a)
where
e′β = (eβ + Gb∆q)/(1 + Gb∆) , (10b)
and the modified Fano factor given by
Q = q
1− Gb∆
1 + Gb∆ + i
2
√
∆
1 + Gb∆ . (10c)
Eq.(10) can be regarded as a generalized Fano resonance
formula with the complex Fano factor Q. As pointed out
in Ref. [23], the Fano factor is complex number in the
absence of the time reversal symmetry, for e.g., by ap-
plying external magnetic field. This point was addressed
experimentally with an AB interferometer containing a
single quantum dot [7].
Two significant changes are found in Eq.(10) compared
to Eq.(9). (i) Since the modified Fano factor Q is a com-
plex number in general, transmission zero does not exist
for ε1 6= ε2 unlike the covalent bonding limit. (ii) The
width of the Fano resonance becomes broader due to the
difference of the energy levels between the dots as
Γ′β = Γβ + Gb
(∆ε)2
Γα
. (11)
For a fixed value of ∆ε, one can find that the broadening
of the resonance is significant for small inter-dot coupling,
recalling the relation Gb = 1/(q2 + 1) with q = 4t/Γα.
The conductance as a function of the Fermi energy for
the case of different energy levels is shown in Fig. 3. Since
Γα ≫ Γβ for ϕ = 0.3pi, the conductance shows again the
Breit-Wigner resonance behavior for the larger energy
scale corresponding to the “bonding” state. The mod-
ified Fano-resonance can be observed around the “an-
tibonding” state. The imaginary part of the modified
Fano factor increases as the bonding strength becomes
stronger, which implies that the resonance around the
antibonding state evolves from the antiresonance to the
Breit-Wigner like resonance. One can also verify that the
width of the Fano resonance is broader here compared to
the case of ε1 = ε2.
Finally, we discuss on the Aharonov-Bohm oscillations
of the conductance for the molecular states, and show
that the bonding properties are identified by the oscil-
lation patterns. As shown in Fig. 4, the oscillation pat-
terns are very different for the ionic and for the covalent
bonding limit. Most of all, the periodicity changes from
2pi in the ionic bonding to 4pi in the covalent bonding
limit. This periodicity change can be interpreted in terms
of the effective coupling strength between two dots. In
the ionic bonding limit of |∆ε| ≫ 2t, the AB oscillation
has the usual 2pi-periodicity since the coupling between
the dots is ineffective. However, in the covalent bonding
limit, the coupling between dots becomes important, and
this strong effective coupling separates the interferome-
ter into two sub-regions with their cross-sectional area
halved. Therefore the oscillation period is doubled.
Comparing the AB oscillations of the bonding
(Fig. 4(b)) and the antibonding (Fig. 4(c)) states, one
finds that there are phase difference by 2pi between the
corresponding eigenstates. This originates from the dif-
ference of the wave function symmetry of the two eigen-
states.
In conclusion, we have investigated resonant tunnel-
ing through the molecular states of coupled two quan-
tum dots embedded in an Aharonov-Bohm interferome-
ter. We have found that the two resonances are composed
of a Breit-Wigner resonance and a Fano resonance, those
widths and Fano factor depending on the AB phase. Fur-
ther, we have suggested that that the bonding properties
and their symmetries can be characterized by the AB
oscillation.
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FIG. 1. Schematic diagram of double quantum dots em-
bedded in an Aharonov-Bohm interferometer.
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FIG. 2. Dimensionless conductance (G) as a function of
the Fermi energy (solid lines) for three different values of
the inter-dot tunneling. Other parameters are given by
ε1 = ε2 = 0, ϕ = 0.3pi. Long and short dashed lines de-
note the Breit-Wigner and the Fano asymptotes given in
Eq.(8) and Eq.(9), respectively. The Fano factors for the
Fano asymptotes are given by q = 0, q = 0.423, q = 2.115
for t/Γ = 0, 0.2, 1, respectively.
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FIG. 3. Dimensionless conductance (G) as a function of the
Fermi energy (solid lines) for three different values of the in-
ter-dot tunneling. Other parameters are given by ε1 = −0.5Γ,
ε2 = 0.5Γ, ϕ = 0.3pi. Long and short dashed lines de-
note the Breit-Wigner and the generalized Fano asymptote
given in Eq.(8) and Eq.(10), respectively. The generalized
Fano factors for the asymptotes are given by Q = 0.753i,
Q = −0.258 + 0.861i, Q = 0.128 + 2.335i for t/Γ = 0, 0.2, 1,
respectively.
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FIG. 4. (a) Molecular two level energies as a function of
the difference between the energy levels of the quantum dots.
(b) AB oscillations for the bonding states marked in (a) by S0
(solid line), S1 (long-dashed line), S2 (short-dashed line), S3
(dotted line). (c) AB oscillations for the antibonding states
marked in (a) by A0 (solid line), A1 (long-dashed line), A2
(short-dashed line), A3 (dotted line).
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